
Int. J. Solid. Structure•• 1911. Vol. 1. pp. 1089 to 1101. Pergamon Press. Printed in Great Britain

LAYERED COMPOSITES WITH AN INTERFACE FLAWt

F. ERDOGAN and G. D. GUPTA

Lehigh University. Bethlehem. Pennsylvania

Abstract-The plane strain problem for a bonded medium composed of three different materials is considered. It
is assumed that the medium contains a flaw on one ofthe interfaces which may be idealized as a crack. The integral
equations for the general problem are obtained, which tum out to be a system ofsingular integral equations ofthe
second kind. The singularity of the system is removed and the equations are solved by taking advantage of the
fact that the fundamental function of the integral equations is the weight function of Jacobi polynomials. The
problems for two half-planes joined through a layer, an elastic layer bonded to a half-plane and two bonded layers
are solved as specific examples, and numerical results involving the stress intensity factors and the strain energy
release rate are presented.

1. INTRODUCTION

THE general plane elasticity problem for a multi-layered composite medium containing a
crack was considered in a previous paper [I]. Even though the general procedure for deriv
ing the integral equations of the problem was outlined in [I], the main effort in that paper
was devoted to the analysis of the stress disturbance resulting from a crack which is im
bedded in a homogeneous elastic layer bonding two elastic half-planes. In that case the
problem was reduced to the solution of a system of singular integral equations of the first
kind. Since the nature ofstress singularities for a crack imbedded in a homogeneous medium
and for an interface crack is different, there is no smooth transition from one solution to the
other as the crack distance from the interface goes to zero. For very small values of this
distance one also encounters convergence problems in the numerical analysis. This is
primarily due to the fact that as the crack-to-interface distance goes to zero, the Fredholm
kernels in the system become unbounded. For the interface crack if one separates these
singular parts of the kernels, the system of singular integral equations become one of the
second kind the solution of which requires a different numerical technique.

Physically, it is obvious that any manufacturing flaw that exists would be either in the
bonding layer or, perhaps more likely, on the interface. Thus, to complete the analysis of
bonded layers with a flaw, it is necessary to have the solution of the interface crack problem.

In this paper we will consider the plane strain (or the generalized plane stress) problem
for the bonded medium which is composed of three different materials and which contains
an interface crack (Fig. I). Specifically we will be concerned with the effect of the ratio of
the layer thickness to the crack length on the stress intensity factors and the strain energy
release rate, the latter being the main "load parameter" in the application of the fracture
criterion. The particular examples which will be considered are two half-planes joined
through a layer (h2 = 00 in Fig. n an elastic layer bonded to a half-plane (h2 = 00, III = 0),
and two bonded layers (h, h2 finite, III = 0).

t This work was supported by the National Science Foundation under the Grant GK 11977, and the National
Aeronautics and Space Administration under the Grant NGR-39-007-0ll.
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FIG. 1. The geometry and notation.

2. DERIVATION OF THE INTEGRAL EQUATIONS

Consider the plane problem for the layered medium shown in Fig. l. Let the medium
contain a crack on one of the interfaces. Without any loss in generality, the half-length of
the crack is assumed to be unity. In this paper we are primarily interested in the disturbed
stress state caused by the crack. Thus, assuming that the overall stress distribution O"~, in
the imperfection-free medium is known, the stress state ~j in the cracked medium may be
expressed as

where O"ij is the disturbed state which may be obtained by using the tractions (Fig. I)

(I)

Pl(X) = -O"~y(x,O), P2(X) = - O"~y(x, 0), Ixl < I (2)

as the only external loads. Because of the symmetry with respect to the x = 0 plane, the
general problem can always be expressed as the sum of a symmetric component and an
antisymmetric component. Here, we Will further restrict our attention to the symmetric
problem for which the tractions Pi have the following properties

Ixl < l. (3)

The treatment of the anti-symmetric problem requires only a slight modification.
Let U;, Vi be the x, y-components of the displacement vector in the ith material shown in

Fig. l. Expressing u;, Vi as appropriate Fourier integrals, as shown in [1], the problem may
be formulated in terms of two unknown functions defined by

(4)

where the superscripts + and - refer to the limiting values of the displacements as y
approaches zero from + and - sides, respectively.
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Thus, referring to [1] for details, the components of the stress vector at y = 0 and x > 0
may be expressed as

(5)

where A j are the Fourier transforms ofij defined as follows:

(6)

The constants aij depend on the elastic properties of the materials adjacent to the crack
only and are given by

22 = (K2J1.3 - K3J1.2)/(J1.2 +K2J1.3) (7)

24 = (J1.3 + J1.2K3)/(J1.2 - J1.3)

where J1.j is the shear modulus and Kj = 3-4vj for plane strain and Kj = (3-v j)/(1 +vJ for
generalized plane stress, Vj being the Poisson's ratio. For the different geometries considered
in this paper the functions Hij(a) are given in the Appendix.

Note that in (5) y < 0 and for a -+ 00 Hij '" 0(e- 21111). Thus the integrals on the right
hand side are uniformly convergent; as a result, certain operations such as change oforder
of integration are permissible. Also note that once the dislocations lix) on the interface
are specified, (5) with (6) gives the stresses for all values of x. In the crack problem under
considerationf.{x) are zero for Ixl > 1 and are unknown for Ixl < 1. On the other hand the
stress vector on the interface y = 0 is unknown for Ixl > 1 and is given by the following
known functions for Ixl < 1:

O"~,(x, 0) = P1(X), O"~x, 0) = P2(X), Ixl < 1. (8)

Using these informations, substituting from (6) into (5~ and also using the expressions of the
following form resulting from the symmetry properties 11(t) = 11( - t~12(t) = - 12( - t),

i'" i1 111 1'"H(a) cos ax da 11(t) cosat dt = 2 11(t) dt H(a) cosa(t - x) da
o 0 -1 0
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we obtain

Ixl < 1

1+"3 . [a u fl fOO---Pl(X)= hm - fl(t)dt eIXYcosex(t-x)dex
fJ.3 y--+O- 1t -1 0

+ all II

fit)dt roo elXY sin ex(t-X)dex]
1t - 1 Jo

1 fl 2+- L kli x, t)fit)dt
1t -1 1

1+"3 . [ a21 fl fOO.- --pix) = hm - - fl(t)dt elXY Sin ex(t-x)dex
fJ.3 y--+O- 1t -1 0

+ a22 II f2(t)dt roo eIXYcosex(t-X)dex]
1t -1 Jo

1 fl 2+- Lk2i x,t)fit)dt,
1t -1 1

(9)

where the bounded kernels kij are given by

ku(x,t) = Loo
Hu(ex)cosex(t-x)dex

kdx,t) = Loo
Hdex) sin ex(t-x)dex

k21(x,t) = Loo
H21 (ex) sin ex(t-x) dex

kdx, t) = Loo
H 22(ex) cos ex(t - x) dex.

(10)

(II)-1<x<1

Evaluating the infinite integrals in (9), passing to limit [2] and dividing by - a21 we
finally obtain

1+"3 1 fl f2(t)
--Pl(X) = Yfl(X)+- -dt
a21fJ.3 1t -1 t-x

- _I_! fl ±. k
1J
{x, t)fit)dt

a21 1t -1 1

1+"3 () _ 1II f1(t)dt .I'()--P2 X -- ---YJ2X
a21fJ.3 1t -1 t-x

1 1II 2
- - - L k2i x, t)fit)dt,

a21 1t -1 1

where

(12)
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-1 < x < 1 (14)

(15)

(11) provides the system of integral equations to determine the unknown functions h.
Once these functions are obtained all the desired field quantities in the medium can be
expressed as and evaluated from definite integrals involvingf.{t) and the appropriate kernels.
Note that the continuity of displacements along the bonded portion of the interface, i.e.

ui -ui = 0, vi -Vi = 0, Ixl > 1, y =°
requires that, in addition to 11 = °= 12 for Ixl > 1, which is used to derive the integral
equations,I1 and 12 must satisfy the following conditions:

f1 I1(x)dx = 0, f1 I2(x)dx = 0. (13)

From the expressions given in the Appendix it is seen that as hand h2 go to infinity H ij,

and as a result, kij go to zero and (11) reduces to its dominant system representing two bonded
half-planes with an interface crack [2]. In addition to h = 00 = h2 if we also let Jl.2 = Jl.3'
"2 = "3 we have y = 0, a21 = 2 and we recover the simple (uncoupled) singular integral
equations for a homogeneous infinite plane with a crack [1].

3. lHE SOLUTION OF lHE INTEGRAL EQUATIONS

The system of singular integral equations similar to (11) has been extensively studied
in [3]. To simplify the solution we combine the two equations given by (11) as follows:

1I1
cf>(t) dt I1

-: -- -ycf>(x)+ [K1(x, t)cf>(t)+K2(x, t)cf>(t)] dt = g(x),
1tI -1 t-x -1

where
cf>(x) = I2(x)+if1(x)

1 .
K 1(x, t) = -2- [(k l1 -k22)+ l(k 12 +k21 )]

na21

1 .
Kix, t) = -2-[ -(k l1 +kd+/(k12 -k21 )]

na2l

1+"3 .g(x) = -- (P2 -IP1).
a21Jl.3

The kernels K 1 and K 2 are bounded. Hence, aside from a multiplicative constant, the
singular behavior of the function cf>(t) at =+= 1 is determined by the dominant part of the
singular integral equation. The integral equation (14) will be solved under the assumption
that cf> satisfies a Holder condition on every closed part ofthe interval (-1, 1) not containing
the ends, and its behavior near the ends is such that it may be represented by

cf>(x) =w(x)"'(x), w(x) = (l-x)'"(1 +x)'l, Ixl < 1 (16)

where the function'" is Holder-continuous in the closed interval [ -1, 1] andt

-1 < RelX < 0, -1 < Re fJ < 0. (17)

t Physically this means that the displacement derivativesf.(x) andf2(x) are continuous in the open interval
- I < x < I and have integrable singularities at x = =+= I.
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The fundamental function, W(x1 of the integral equation may be obtained, within a
mutliplicative constant, from the homogeneous dominant part given by

~ ft wet) dt _ yw(x) = O. (18)
1tl -I t-x

Ignoring the constant the solution of (18) satisfying (17) may be written as [3,4]

w(x) = (1- x)"(l +xY'

a= -!-iw, P= -!+iw, w=2~10gU~n. (19)

To solve the singular integral equation (141 rather than following the regularization
methods described in [3] or [5] which, in this case, become extremely cumbersome, we will
follow the technique described in [4]. Noting that the fundamental function, w(x) of (14) is
the weight of the Jacobi polynomials ~1Z.P)(x1 we will express the solution in the following
formt

00

cj>(x) = L c"w(X)P~IZ.P)(X),
o

Ixl < 1. (20)

Using the continuity conditions (13), i.e.

fl cj>(x)dx = 0

and the orthogonality relations of the Jacobi polynomials [6, 7], i.e.

t { 0, n :I: m; n, m = 0, 1, 2, ...
f w(x)P~IZ.P)(x)p:·P)(x)dx = 21Z +P+ 1 r(n+a+l)r(n+p+l) n = m
-1 2n+a+p+l n!r(n+a+p+l) ,

and also observing that p~.P)(x) = 1, it is easily seen that in (20) Co = O.
Substituting now from (20) into (14) and using the relation [8]

1 fl dt /(1 2)
-; W(t)P~IZ.P)(t)-t--YW(X)~IZ.P)(X)= y 2-' Y P~-=-lZi-P)(x), Ixl < 1
1tl -1 -x I

(21)

(22)

the singularity of the integral equation is removed and we obtain

~ C" .J(1 ;.y2) P~-=-lZi-p)(X)+fl ~ [c"K 1(x, t)w(t)P~IZ.P)(t)+cIIK2(X, t)w(t)P~IZ.P)(t)] dt
1 I -1 0

= g(x) Ixl ~ 1. (23)

Equation (23) can be reduced to an infinite system of algebraic equations in the unknown
complex constants CII by using a weighted residual technique. In this case the appropriate
weight functions are

n = 0, 1,2, ... (24)

t Which means that the continuous function !/I(x) given in (16) may be expanded into a series of orthogonal
polynomials p,.··~)(x) in Ixl :s; I.
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and the technique is equivalent to expanding both sides of (23) into infinite series in Jacobi
polynomials and equating the corresponding coefficients. Due to the complicated nature of
the kernels K~x, t), in this problem it is not possible to study the regularity of the resulting
infinite system. Thus, in solving the system of algebraic equations by the method of reduc
tion, a numerical convergence procedure has to be incorporated into the analysis (see [4]
and the first example of this paper).

In the special case of the two bonded half-planes with an interface crack, Hi~a.) and,
as a result, the kernels Kt.x, t) are zero. Then, for surface tractions

(27)

(26)n = 2,3, ...

= {'ltfj,X),
0,

P1(X) = - 0'0' P2(X) = 0 (25)

multiplying both sides of (23) by the functions (24) and integrating from -1 to +1we find

2i iO'o(1 +1(3)
C1 = J(1-yZ) a21JJ.3 • C" = 0,

which by (20) gives the exact solution as follows

4J(x) = 20'0(1 +1(3)2 w(x)P<i,lIl(x).
a21JJ.3J(I-y )

To obtain the contact stresses along the interface we observe that equations (5), (9), (11)
and (14) give the stresses for Ixl > 1 as well as Ixl < 1. However, for Ixl > 1 since

lim f1 f~t) dt f<Xl e -«)' cos a.(t - x) da. = lim f1 fj,t) dt Z r )2
)'.... 0 .. -1 0 " .... 0 .. -1 Y + t-x

Ixl < 1.
Ixl > I' j = 1,2 (28)

from (14) and (27) we obtain

. 20'0 I I1 w(t)P<i·lIl(t) dt
0',,)'-10',,)' = - J(I-yZ) 'lti -1 t-x

= -20'0J(~~~)w(X)P<i·II)(X)+iO'o (29)

= -0'0(x-I)«(x+I)tl(2m+ix)+iO'o; y = 0, x> 1.

Also, defining the stress intensity factors by [I]

k1+ikz = lim (x-I)-«(x+ 1)-11(0')')' + iO',,)') (30)
" .... 1

we find k1 = 0'0' k2 = -2mo. (31)

Similarly, in the general problem, for Ixl > I substituting from (20) into (14) and taking
into account (28), the interface stresses may be expressed as follows:

1+1( I f1 <Xl dt
-_3(0',,)'-iO')') = -: Ic..w(t)~«·II)(t)_-
a21JJ.3 1tl -1 1 t-x

+ f1 ~ [K1(x, t)c"w(t)~«·II~t)

+ K 2(x, t)C"w(t)~«·/I~t)] dt, lxl > 1, y=o. (32)
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In the neighborhood of +1 the second integral of (32) is bounded, and the singular integrals
may be evaluated as follows:

1 i 1 w(t)~tZ·/l}(t)
-; "dt = -(1+1')[ -w(x)~tZ·/l)(x)+G:(x)],
1tl -1 t-x

Ixl> 1 (33)

where G: is the principal part of w~tZ./l} at infinity. Using (33) and noting that

from (32), (33) and (30) the stress intensity factors may be expressed as

or, in terms of t!J(x) we may write

k
1
+ikz = - lim aZl1'3 J(l_yZ)t!J(X)

x .... l1 +"3 w(x)

(34)

(35)

which is the same result as that found in [I] and elsewhere. Note that ifthe crack is imbedded
in a homogeneous medium, I' = 0, ill = 0, au := 2, ~tZ·/l}(x) = ~-t.-t)(x) = T,,(x), w(x) =
(l-x2r t and (34) and (35) reduce to the expressions given in [I].

4. THE RESULTS

(a) As a first example we will consider the plane strain problem for two half-planes
bonded through a layer which contains a crack on one of the interfaces (hz = 00, Fig. 1).

TABLE 1. STRF.SS INTHNSITY FAcroRS FOR h = 00 = h2 (F1GURH 1)

Material k1 k2 kf+ki
(lo.Ja (lo.Ja

WZ-3(00) = -2-
(loa

2 3 (J)

Aluminum Epoxy 0·0671 -().1342 1·0180
Steel Epoxy ()'07215 -0·1443 1·0208
Steel Aluminum ().()4579 -0·09158 1·0084

TABLE 2. ELASTIC <X>NSTANTS

Material

Epoxy
Aluminum
Steel

4·5 X 10'
107

3 X 107

v

0·35
0·3
()'3
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For Pl(X) = - 0'o, P2(X) = 0 and various material combinations considered in this paper the
limiting values of the stress intensity factors obtained from (31) are given in Table 1. Table 2
shows the elastic constants used in the calculations.

For three different material combinations the stress intensity factors calculated from
(34) as functions of relative layer thickness h/2a are shown in Figs. 2-4. The figures also
show the energy ratio, W related to the strain energy release rate au/aa as follows [9].

(au) = ~ 1+"3 (k~ +k~)
aa 2-3 2 a21Jl3

(36)

1.2

-
• A

2 I

3
fh I0.2

1-==~_== 1~_-3_(CD_) _

1.0 -~ k.(CD) ---------

CIO.fci

0.4

.1L... 2
20

0.6

0.8

-0.2

FIG. 2. Stress intensity factors and the strain energy release rate vs. hl2a. Materials: 1, steel; 2, aluminum;
3, epoxy.

Note that in the homogeneous case (i.e. Jl2 = Jl3' \12 = \13) 021 = 2 and the strain energy
release rate is given by

(37)
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1.2

o1---'--..L..---'---'-----L-...L----L-h---.1-~---'2'-

'S

-0.2

(38)

FIG. 3. Stress intensity factors and the strain energy release rate vs. hj2a. Materials: I, aluminum; 2, steel;
3, epoxy.

For h = 0 the problem is that of two bonded half-planes containing an interface crack
and the corresponding results are shown in Table I. Thus, from

Iim(OU) _ (OU)
""'0 oa 2-3 - oa 2-1

we have

I· W(h) J.l3 1+"1 (a21h-3 U7 ( )1m = - -- rr2_1 00 .
""'0 2-3 J.l1 1+"3 (az1h-1

The other limiting value of W corresponding to h = 00 is given in Table I and is also shown
on the figures. These figures indicate that the strain energy release rate, which is the main
load parameter used in the application of fracture theories, is very highly dependent on the
layer-thickness to crack-length ratio, hl2a. Ifthe modulus of the layer is smaller than that of
the adjacent materials, aUloa decreases with decreasing hl2a. If the modulus of the layer is
larger, this trend would be reversed.

Figure 5 shows some of the results of [I] combined with the limiting values obtained in
this paper. In this problem the crack is in the layer, and the figure shows the variation of the
energy ratio
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FIG. 4. Stress intensity factors and the strain energy release rate vs. h/'2a. Materials: I, aluminum; 2, alum
inum; 3, epoxy.
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FIG. S. Strain energy release rate vs. htlh for h/'2a = 1. Materials: (a) I, 2, aluminum; 3, epoxy; (b) I, steel;
2, aluminum; 3, epoxy.
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(41)

(39)

as a function of h1/h for h = 2a, h1 being the distance of the crack from the interface with
material 1. The limiting values of W3 shown in the figure are calculated from

lim (aU) = (aU) lim (aU) = (aU)
II,~II oa 3 oa 2-3' II,~O oa 3 oa 1-3

as follows:

lim W3(h 1) = ( ~ W2_ 3(h)
II,~II a212-3

lim W3(h 1) = (~ Wl _ 3(h)
II,~O a21 1-3

where, for the material combinations shown in Fig. 5, the corresponding values of W2- 3
and Wl - 3 are given in Figs. 2-4 [at (h/2a) = 1].

Considering the fact that for the homogeneous infinite plane W3 = 1, Fig. 5 shows the
considerable decrease in the strain energy release rate resulting from the stiffer adjacent
planes. However, unlike the anti-plane shear problem in which there is a rather sharp
reduction in the strain energy release rate as the crack approaches the interfaces (see Fig. 3
of [1]), in the plane strain problem considered here the strain energy release rate remains
relatively constant.

As mentioned in the previous section, the infinite system of algebraic equations for the
constants CII is solved by the method of reduction, i.e. the system is solved approximately by
truncating the series (20) at the Nth term and considering only the first N equations of the
system. To give an idea about the convergence of the computations, the stress intensity
factors computed for various values of h/2a and increasing values of N are shown in Table 3.
The table corresponds to the load eTo = 1 and materials aluminum-epoxy-aluminum. It is
clear from the table that the convergence is excellent It should be noted that in problems of
the type discussed here, the main computational effort goes into evaluating the Fredholm
kernels, kl) which are given in terms of infinite integrals such as (10). Unless these and the
definite integrals which are used later to set up the algebraic system are calculated with
sufficiently high accuracy, larger N in Table 3 would not produce more accurate results
beyond certain number of significant digits.

From Figs. 2-4 we observe that as h --+ 00 the stress intensity factors k 1 and k 2 approach
the asymptotic values given in Table 1 which are obtained in closed form. Obviously it
would also be desirable to have such asymptotic values for kh k2 as h --+ O. Analytically this
would require the solution of the system of integral equations (11) in which the Fredholm
kernels kij are replaced by the leading terms in their asymptotic expansion for small h
(more specifically, the thickness-to-half crack length ratio). From the Appendix (1) it may
easily be shown that for small h the leading terms of the functions Ht/,/x.) are

H~(lX) = biJ e- 2M, (i,j = 1,2) (40)

where the constants bl) depend on J.tp vJ (j = 1,2,3). Substituting from (40) into (10) the
leading terms of the kernels kl) are found to be

kY l(X, t) = bud(x, t, h), kY2(X, t) = b12c(x, t, h)

k~l(X, t) = b21c(X, t, h), k~2(X, t) = b22d(x, t, h)
t-x 2h

c(x, t, h) = (2h)2+(t-X)2 d(x, t, h) = (2h)2+(t-X)2'
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TABLE 3

N 4 6 8 10 12

h/2a = 0·2
k1 0-4245 0-4357 0·4455 ()'4449 0-4448
k2 -().1669 -0·1648 -().1617 -0·1620 -0·1621

h/2a = 0·4
k1 0·5576 0·5542 0·5524 0·5525 0·5525
k2 -0·1611 -0·1603 -().1598 -0·1598 -0·1598

h/2a = 0·6
k1 0·6513 0·6497 0·6484 0·6484 0·6484
k2 -0·1478 -0·1476 -0·1475 -0·1476 -0·1476

h/2a = 0·8 h/2a = 1·0
N 2 4 6 2 4 6

k1 0·7356 0·7311 0·7300 0·7795 0·7931 0·7927
k2 -0·1383 -0·1379 -0·1378 -0·1313 -0·1326 -0·1326

h/2a = 2·0 h/2a = 00

N 2 4 6 1

k1 0·9289 0·9302 0·9302 1
k2 -0·1295 -().1297 -0·1297 -0·1342

1101

From (41) it is seen that as long as h > 0, no matter how small, k& are bounded in the
square domain ItI :::;;; I, Ixl:::;;; I. Hence the dominant part and the fundamental function
w(x) of (11) remains to be that of materials 2 and 3. Given the present state of the theory of
singular integral equations, with the Fredholm kernels k&, the closed form solution of (11)
is not possible and the solution can only be obtained numericaUy.t

At h = 0 we have

lim II f/..t)d..x, t, h) dt = II fjt) dt
" .... 0+ -1 -1 t-x

(42)

lim fl fjt)d(x, t, h) dt = nf/..x)
" .... 0+ -1

which may be combined with the first two terms on the right hand side of (11). After some
algebra it is easily shown that after this combination the resulting integral equations are the
dominant system oftwo dissimilar bonded halfplanes 1and 2. This system has a closed form
solution [see (31) and Table 1]. Since the fundamental functions w(x) for the two material

t Since for very small h the functions c and d given in (41) peak rather sharply around t = x. such a numerical
scheme is bound to be unstable and may require great care. Further simplification of k& in the form of narrow
rectangular pulses would neither improve the stability nor make it possible to obtain a closed form solution.
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combinations (1,2) and (3,2) are different, one should not expect a smooth transition be
tween k l , k2 given in Table 1 and those obtained from (11) with the asymptotic kernels kZ,
and obviously there is no one set of asymptotic values of k l and k2 for small values of h.
However, it is also obvious that for any given small h kl and k2 can be evaluated numerically
to any desired degree of accuracy.t The quantity which must be a continuous function of
h for h ~ 0 and which is physically more important is the strain energy release rate aUloa.
This is seen to be the case in all the examples worked out in this paper (see Figs. 2-5, 7).t

(b) As a second example we consider an elastic layer bonded to a half-plane. The medium
contains a crack on the interface and the external load is again assumed to be a uniform
pressure (1yy = - (10 on the crack surface (Fig. 6). In addition to its elastostatic structural
applications, the solution may be useful as an approximation to the delamination problem
caused by the reflected stress waves in layered materials. This is a special case ofthe previous
problem in which III is taken to be zero. The results are shown in Fig. 6. It is seen that as the
relative layer thickness approaches zero the stress intensity factors and the strain energy
release rate go to infinity. The results for the other asymptotic case, i.e. hl2a -+ 00, shown in
the figure are given in Table 1.
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FIG. 6. Stress intensity factors and the strain energy release rate vs. h/2a. Materials: 2, aluminum; 3, epoxy.

t Even though Table 3 gives some indication of this, for h «a it may be preferable to reduce (II) to a system
of Fredholm equations.

t It should perhaps be mentioned that the case of a semi-infinite crack between the layer and one of the base
materials may be considered as the limiting case of the problem for h « a. However, (a) physically this is an
entirely different problem; the results obtained from its solution cannot readily be adapted to the problem posed in
this paper, and (b) the closed form solution of it is not expected to be any simpler to obtain than that of the finite
crack problem with asymptotic kernels k~; this is partly due to the fact that h is the only geometrical length in
the medium and can be eliminated through normalization. One then has to solve the problem as is rather than
trying to find an asymptotic solution for a "small parameter".
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It should be noted that in all the examples discussed in this paper the stiffness of the
material on the y > 0 side of the crack is greater than that of y < 0 side. Hence the interface
shear around the crack tip x = +1 is always positive. On the other hand, in all cases the
second component k2 of the stress intensity factor is calculated to be negative. This should
cause no confusion, since, unlike the homogeneous material, in the nonhomogeneous case
the factors k t and k2 are not directly identified with normal and shear stresses on the plane
of the crack. This can be seen by expressing (30) around x = 1 ast

. k t +ik2 [ ( X+l) .. ( X+l)J
(1yy+I(1>;y= J(x2 -1) cos wlog

x
_ 1 +/SlD wlog

x _ 1

+0(1), Ixi > 1, y=o (43)

where the results indicate that the dominant term for the shear stress is k t sin( ) rather
than k2 cos( ).

Figure 7 shows the strain energy release rate for the cracked layer obtained in [1] with
the limiting value for hi = h as obtained in this paper. The limit is evaluated in the same way
as described for the previous example [see, (38) and (39)].

44
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o 0.5 1.0

hI
h

FIG. 7. Strain energy release rate vs. hdh for hf2a = 1. Materials: 2, aluminum; 3, epoxy.

t Note that w as defined in (19) and Pof [I] has opposite signs.
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(c) Finally, as a last example we consider two bonded layers containing an interface
crack which is opened by a uniform pressure (Jyy = - (Jo. The geometry, the relative dimen
sions, and the elastic constants as well as the results are shown in Fig. 8. The relative
dimensions and the elastic constants used in this example roughly correspond to that of an
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2.0

1.8
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1.2
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o 2 3 4 5 6

h
20

FIG. 8. Stress intensity factors and the strain energy release rate VS. hz/2a for h/hz = 3. Materials: 2, steel;
3, aluminum.

aluminum plate stiffened by a boron-epoxy composite layer as encountered in some
applications. In this case too for increasing relative crack length or decreasing h2/a ratio
the stress intensity and the strain energy release rate ratios increase rather rapidly.
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APPENDIX. THE FUNCflONS HIj(a.)

(a) Two half-planes bonded through a layer (Fig. 1, h2 = 00)

H ll (cx) = A3L3+(2cxh-1)L1 +e-2~ {A1 L1+(1 +2cxh)L3

+ 1+ 2cxh[2cxh(1 + A4) _ A4(1 _ A2)] A1(1 + A4) }
A3A4 A4

Hdcx) = A3L4+(2cxh-1)L2+e-2~ {A1L2 + (2cxh + 1)L4

_ 1+2cxh [2cxh(1 +A4)+A4(1- A2)]+ A1(1 +A4)}
A3A4 A4

H21 (CX) = -A3L3 -(2cxh+ 1)L1+e-2~ {A1L1 +(2cxh-1)L3

+~~~ 1
[2cxh(1 +A4)-).4(1-).2)] A1(1A:).4)}

H22(CX) = -A3L4 -(2cxh+ 1)L2+e-2~ {A1L2 +(2cxh-1)L4

_2:~~ 1 [2cxh(1 +).4)+).4(1- A2)]+ A1(1A:).4)}

(
1+).4)L1(cx) = F1+~F4 /(A3A4+F4)

(
1+).4)L2(cx) = F2-~F4 /(A3A4+F4)

L()-(F 2cxh(I+A4)-A4(1-A2)F)l(11 F)
3 CX - 3 A3A4 4 I' 11.311.4 + 4

L4(cx) = (F3+ 2cxh(1 + A~3;4A4(1- A2)F4)/(A3A4+ F4)

F1(cx) = e-2~[2cxh(1-A2)-A2(I+A4)]

F2(cx) = e-2~[2cxh(1-A2)+A2(1 +A4)]

F3 (cx) = - e-2~(1-A2)A1

F4(cx) = e-2~(A1A3+A2A4-4cx2h2+A1A2e-2~)

A1 = ("1ft3 - "3ft1)/(P1 +"1ft3)

A2 = ("2ft3 - "3f.l2)/(",2 + "2ft3)

A3 = (",3 + f.l1 '(3)/(",1 - f.l3)

).4 = (",3 + f.l2'(3)/(",2 - ft3)·

1105
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{
2a.h2P1+P2 (Ms )Hdrx.) = 2M2+ P1P2 M s+(1-2rx.h2) p;+2M1

- 2e- 2
/1112 [P1 +M1+ (2rx.h2+ 1)(2rx.h2P1 + P2 + M 2)]} (M5 - 2P1P2)-1

H21(rx.) = {2M4 + 2rx.htp~P2Ms-(1+2a.h2)(~:-2M3)

+2e- 2/111 2[P1 -M3+ (2a.h2-1)(2a.h2P1 - P2 +M4 )]} (Ms-2P1P2)-1

H22(rx.) = {2M2+2rx.htp:P2Ms -(1 +2a.h2)(~:+2M1)
+2e- 2

/111 2[P1 +M1+ (2a.h2-1)(2a.h2P1 - P2 +M4 )]} (Ms-2P1P2)-·1

P1 = J1.3 + "3J1.2 , P2 = J1.2 + "2J1.3
J1.3 J1.2

M 1(rx.) = ("2- 2rx.h2)e-
2

<Z11
2- J1.1«(~G7)[(2a.h-"3)GS-G3

+"3G7 - e- 2<Z11 + G1(2rx.h+ "3 - e- 2
/111)]

M 2(rx.) = e- 2
/111

2 +J1.1(;~G)(2rx.h-"3)G6 -G4 -(1 +2rx.h2"3)G7

+2rx.h2e- 2<Z11+G2 (e- 2<Z11 + 2rx.h + "3)]

M 3(rx.) = -(2rx.h2+"2)e- 211112 + J1.1«(~G)(2a.h+"3)GS+G3

+ "3G7 _e- 21111 +G1( e- 2/111_ 2rx.h+ "3)]

M4(1X) = -e -2/1h2 + J1.1(i~ GJ(2rx.h + "3)G6+ G4+(1- 2a.h2"3)G7

+21Xh2e- 2<Z11+ G2(e- 2/1h-2rx.h +"3)]

Ms(rx.) = P1[M4 -M2+2rx.h2(M3+M1)]+P2(M3-M1)+M2M 3+M1M 4

G1(rx.) = e- 21111 +e- 2 /111 2 + (4rx.2hh2_1)e- 2/1(h2+h)

Girx.) = e- 2/111(2rx.he- 2/1h2-2rx.h2-2rx.h)

G3(rx.) = e-211112(2rx.h2+2rx.h-2rx.h2 e- 2 <Z11)
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G
4
(a) = e- 2""+ e- 2"", _ e- 2"(". +",)

Gs(a) = e- 2""(G3 -2ah)

G6(a) = e- 2""(G4 -1 +4a2hh2)

G7(a) = -(2 + 4a2h2
) e- 2

"" +e- 4
"".

(Received 3 June 1970; revised 2 September 1970)
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A6c1pucT-PaccMaTpHBaeTClI IIJIOCUll ~'Il1 lCacalOlI.\lllIClI A*PMlUlHH ,II,JIlI coeAHHeHHol cpeAhl.
COCTo~el B3 Tpex pa3H101X MaTePHaJlOB. npHHHMaeTClI. 'ITO cpeA3 06JI3A3eT AeclJelCTOM O,llHol H3
nOBepXHOCTeI pa3AeJIa. ICOTopHI MomfO paccMaTpHBaTh B CMWCJIeTpe~. noJIY'll1IOTCl1 HHTeI])llJIhHlole
ypaueHHll ,II,JIlI 06~ea ~'IH. ICOTopwe lIBJIlIIOTClI CHCTeMOI CHHryJIlIPHIoIX HHTerpaJIbHlolX ypaBHeHHl
BTOporo poA3. YA3JllIeTClI CHHryJIllpHOCTh CHCTeMW. PemalOTClI ypaBHeHHlI. )"IJITWBIUI tIIaICT. 'ITO

cIlYHA3MeHTlUlhHlUI~ HHTerpam.HIoIX YPaBHeHHI lIBJIlIeTClI cIl~ea BeCa nOJIHHOMOB Jlx06H. B
CMWCJIe cnel(HcIlH'lHlolX npHMepoB. pemalOTClI 3aAa'IH ,II,JIlI ABYX nOJIyIlJIOCICOCTeI. coeAHHeHHWX CJIoeM.
AaJIee ,II,JIlI YDPYToro CJIOll. coeAHHeHHoro c nOJIyIlJIOCICOCThIO H ,II,JIlI ABYX coeAHHeHHWX CJIoeB. )J;aIOTClI
'IHCJIeHHWe pe3YJIhTaThl. Y1Ca3WBa1O~e cIlalCTOPW HHTeHCHBHOCTH HanpllXl:eHHl H C1COpocn. BWAeJIeHHlI
3HepI'HH A*PMlUlHH.


